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Analysis and Application of Chorochronic Periodicity in
Turbomachinery Rotor/Stator Interaction Computations
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Université Pierre-et-Marie-Curie, 91405 Paris, France

A methodology for predicting the three-dimensional unsteady aerodynamics of the interaction between two
turbomachinery blade rows that are in relative angular motion with one another is described. In this case, the
kinematics of the blades introduce a chorochronic (space-time) periodicity. This periodicity is analyzed in detail,
and a mathematically straightforward methodology, based on Fourier series in 6 (azimuth) and ¢ (time), is pre-
sented for treating the interface between the two rows. These results are implemented in a computational method
solving the three-dimensional Favre-Reynolds-averaged Navier-Stokes equations, with a near-wall wall-normal-
free Reynolds-stress model. Only one blade passage per blade row is discretized. At the pitchwise boundaries,
phase-lagged periodicity is applied using Fourier series in time. Both the pitchwise boundaries time harmonics
and the interface chorochronic #6 harmonics are updated using a low-storage moving-averages technique. Com-
putational results are presented and compared with measurements for a li-stage turbine, where the two stators
have the same number of blades enabling the use of chorochronic periodicity. Sample results are also presented
for a transonic inlet guide vane/rotor interaction, illustrating the ability of the interface treatment to handle shock

waves.

Nomenclature P, P,0., 0, = grid points (Figs. 2 and 3)
c = vector of conservative variables in the M, M, M, M
Cartesian frame of reference [Eq. (16)] p = pressure
DH = downstream H-type grid"! R = real part of a complex number or function
F = time-periodic function (its argument TC = c_learance-gap grid‘“
is the phase) t = time
f = frequency UH = upstream H grid"!
Hp = rothalpy u = vector of variables [Eq. (15)]
Ly = nonzero circumferential-harmanics V,v = absolute flow velocity and turbulent
index [Eqs. (8)] velocity fluctuation
M = absolute Mach number v = vector of nonconservative variables
My = relative Mach number [Eq. (14)]
m, = time-harmonic number W, w = relative flow velocity and turbulent
m = mass flow velocity fluctuation
Ng = number of blades of a blade row w = vector of flow variables
Npp = number of points per period of the (x,R,0) = cylindrical system of coordinates
numerical discretization (x is the engine axis)
ng = blade countin a blade row [Eq. (23)] (x,y,2) = Cartesian system of coordinates
NBR = blade-row index (x is the engine axis)
n,, N, = time-harmonic number and harmonics o = absolute flow angle of the velocity vector
retained in the Fourier series from the local meridional direction
ng, Ny = circumferential-harmoric number and By = interblade phase angle (phase shift)
harmonics retained in the Fourier series At = ume step
n = nondimensional distance of the first grid e = turbu_lence kinetic energy dissipation-rate
point from the wall, nu, V' (where n is o = density
the distance from the wall, u, the friction 9 = normalized blade span, € [0, 1]
velocity, and v,, the kinematic viscosity Q = rotational velocity of the blades
at the wall
o = O-type grid; O grid around the blades*! Subscripts
= ; 41
OZ— = buffer O-type grid between 7'C and O abs = absolute frame of reference
Received 10 September 2001 ; revision received 14 March 2002; accepted ISA = standard conditions (International
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Superscripts
n = time level of the numerical discretization
T = transpose

Favre average

Favre fluctuations

Reynolds average (ensemble average)

= function of averaged quantities that is
neither a Favre average nor a
Reynolds average

= chorochronicharmonics (complex
numbers)

= time harmonics (complex numbers)

Introduction

HE prediction of the unsteady aerodynamic interaction be-

tween adjoining blade rows is an important problem in tur-
bomachinery analysis, especially in relation to the interaction with
upstream wakes!? or shock waves.® The straightforward computa-
tion of the flowfield by modelingall of the bladesin each blade row is
computationallyvery expensive.Most authorsmodel a limited num-
ber of blades in each blade row and modify the number of blades in
each row (eventually adjusting the chords to get the correct solid-
ity) torecover space-periodicconditionsat the pitchwise boundaries
of the domain.*~!> Arnone and Pacciani'® have compared various
modifications of the blade numbers with the results obtained for
the correctblade numbers (using a two-dimensional Navier—Stokes
solver) and concluded that serious inaccuracies can be introduced
by blade count modifications techniques. Furthermore, such tech-
niques prohibit the coupling of the unsteady aerodynamic results
with acoustic propagation techniques because the propagation of
acoustic modes is very sensitive to the number of circumferential
lobes.'

A few authors'> =%’ (Table 1, see also Ref. 28) preferexploiting the
chorochronicperiodicity (where choros refers to space and chronos
to time) characterizing the motion of the blades.?® The knowledge
of this periodicityis traceable to the early work of Kemp and Sears*
and to the well-established theory of Tyler and Sofrin'* for acoustic
modes propagation in turbomachinery ducts. If the two blade rows
are isolated from otherneighbors,and are in relative angularmotion,
then the fundamental unsteady frequency in the frame relative to
each blade row is the blade passing frequency (BPF) of the blades
of the adjacent blade row. Furthermore, each blade in a given row
observes the same flow phenomena as the neighboring blade in the
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same row, but with a phase shift determined by the ratio of the
numbers of blades between the two blade rows (circumferentially
traveling wave). The only restrictive hypothesisis that aerodynamic
instabilities, such as vortex shedding from thick trailing edges’!-*
or rotating stall,>*=3 are absent because such phenomenahave their
own frequency (asynchronouswith the rotational velocity). The use
of the chorochronic periodicity allows the computation of the flow
aroundonly one blade per blade row, using appropriatephase-shifted
boundary conditions at the pitchwise boundaries.

There are two different approaches for numerically implement-
ing the chorochronicperiodicity: The first is the method introduced
by Erdos et al.!’ that stores time signals (either for a number of
instants per period or using a time Fourier series representation’®)
at each grid point at the pitchwise boundaries and at the computa-
tional interfacebetween the two blade rows and uses these signals to
reconstruct the flowfield at pitch-shifted positions using the appro-
priate time shift. The second is the method of applying a space—time
transformation (¢’ = #'[#, 6]) to the equations, introduced by Giles,’
known as the time-inclining or time-tilting technique.

As far as the interface is concerned, for phase-lagged meth-
ods, most authors use quite complicated storage and interpolation
techniques.’>~17 This could be considered a drawback of the phase-
lagged method because time-inclining procedures, that travel with
the wave in each frame of reference,only require spaceinterpolation
at the interface.'®*>* These interpolations, however, require specific
shearing-cells techniques.'®

There is a strict mathematical equivalence between the two tech-
niques (time lag'> and time inclining?’) Nonetheless, the time-
inclining technique presents two drawbacks: 1) It presents severe
numerical stability problems if the blade numbers ratio is much
higher than unity’!%!82% (In which case more than one channel is
modeled in the high blade count row.) 2) Each grid point in the
computational grid is at a different physical time than its neighbors,
so that obtaining a snapshot of the flow at a given instant requires
storage and reconstructiontechniques,even for the referenceblade
In the authors’ opinion, this last drawback is a major one. For these
reasons, the authors believe that the Fourier-basedstorage technique
is the best choice because it uses a solver in the actual time—space
and, as is shown in the present paper, can be implemented using an
elegant interface treatment.

The purpose of this paper is to analyze the chorochronic period-
icity properties, both for the pitchwise boundaries and the compu-
tational interface. A mathematically simple (and, as a consequence,
easy to program) representation of the computational interface is

Table1 Blade-row interaction computations using chorochronic periodicity

Two-dimensional/

Ref. Year  three-dimensional  Closure Technique Application Np; :Np;
Erdos et al.1” 1977 2% Euler Time lag Transonic fan stage!” 44:46
Koya and Kotake!® 1985 3 Euler Time lag Turbine stage'® 52:68
Lewis et al.!” 1989 2% Euler Time lag Turbine stage!” 30:45
Giles'? 1990 2% Euler Time inclining  Transonic turbine stage!® 36:61
_— 1992 2 ML 2 _— Transonic turbine stage20 36:61
Hah et al.?! 1993 3 k—e Time lag Compressor stage®! 20:31
—_— —_— —_— —_— —_— Turbine stage?? 36:41
Jung et al.?? 1996 3 ML Time inclining ~ Turbine stage 44:60
e e e e e Transonic compressor stage>* 57:58
—_— —_— —_— —_— —_— lé-stage turbine?* 2 36:41:36
—_— —_— —_— —_— —_— Turbine stage?® 78:80
Volmar et al.?’ 2000 3 k—¢e Time lag 1 %-stage turbine?”-28 36:41:36
Present paper 2001 3 YRSM Time lag lé-stage turbine® 36:41:36
—_— —_— —_— —_— —_— Transonic compressor IGV/rotor® 42:50
e e e e e Compressor stage! 30:40

ML = mixing length.
"RSM Reynolds-stress model.
“Present paper.

dpresented in “Experimental and Computational Investigation of this Unsteady Aerodynamics of a Compressor Stage at Off-Design Conditions” by G. A.

Gerolymos, G. J. Michon, and H. Miton, in preparation.
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developed, and the matching conditions for the chorochronic har-
monics on each side are established. Then this method is imple-
mented in a three-dimensional Favre—Reynolds-averaged Navier—
Stokes solver. The updating of the harmonics is based on a moving-
averagestechnique.The same techniqueis used for the 76 harmonics
at the interface, and it is shown that these harmonics can be com-
puted by the datain a single blade passage. These harmonics updat-
ing techniques, developed in the present work, are computationally
efficient and require minimum storage. Then the method is applied
to the computation of a 14-stage turbine’>** and compared wirh
measurements. Finally, results are also shown for a transonic axial
compressor stage, illustrating the ability of the interface treatment
to transmit shock waves.

Chorochronic Periodicity

Blade-Row Interaction

Consider (Fig. 1) two blade rows, ngg = 1 and 2, with arbitrary
blade numbers N, and N, (and arbitrary blade number ratio) that
are in relative angular motion (2, # €2,). If aerodynamic instabili-
ties are neglected, the unsteady flow in the frame of reference rotat-
ing with a given row is periodic with the fundamental frequency of
the BPF of the blades of the adjacent blade row

fi=(No,/27)190 =), fo=(Ng [27)12 — Q] (1)

When considering the flow around two neighboring blades of a
given blade row (Fig. 1), each blade witnesses the same phenomena
as its neighbor, but with a phase shift 8, in 2z ft (circumferentially
traveling wave). This phase shift is a simple function of the num-
bers of blades N, and N, and of the direction of relative rotation
(sign[©2; — ©2]). A uniformly valid expression is**+*°

Ng

- N
B = —2n‘N—32 sign[Q; — Q5]
B

Np, — N
% sign[Q, — Q] )

B

ﬂrg =-2r

These periodicities indicate that w (in an [x, R, 8] cylindrical co-
ordinates system with x the engine axis) is invariable through a
space-time transformationin each frame of reference

wi(t,0;x, R) =w1(t+ﬂ,l/2nf1,01 —271/N31;x, R)

wa(t,0:x, R) =w(t + B, [27fo, 6, — 210 [Np,s X, R)  (3)

Alternatively (Fig. 1), if F(2r ft) is the periodic time signal (mea-
sured or computed) for w(z, 6; x, R), then the time signal for the
next blade toward the positive 6 direction is

wi(t, 015 x, R) =F,2n fit)
= w, (1,6, +21 /Ny x, R) = F,(2nfut + B,,)
wy(t, 055 x, R) = F,(2m f>1)

= ws(t, 6, + 27 /Ny, x, R) = F>(2nfot + 8,,) )

Incidentally, it is exactly this traveling wave transformation that is
used in the inclined-plane method.?” With the present sign conven-
tions [Fig. 1 and Egs. (2-4)], for positive §,, the wave is traveling in
the negative 6 direction. (It is coming from the positive 6 direction.)

Chorochronic Interface

In a standard numerical treatment of the blade-row interaction
problem, two frames of reference are used, one rotating with blade
row ngr =1 and another rotating with blade row nggr =2 (Fig. 1).
At the interface between the two frames of reference, the same phe-
nomena are observed in each frame of reference: 1) Each frame of
referenceobservesa time-periodicsignal, but with differentfrequen-
cies (Doppler shift due to the relative rotation and to the difference
in number of blades). 2) The appropriate §, shiftis observedin each
frame (B,,, B.,). 3) The same signal is observed in each frame as
well as in the absolute frame of reference:

w(t, Ops; X, R) = w (2,01 x, R) = w,(t,0,; x, R)
Ops = 01 + Qt =6, + Q¢ 5)

Because of the double periodicity in ¢ and azimuthal coordinate 6
(chorochronicperiodicity), it is natural to express the signal in each
frame of reference by double 6 Fourier series

+00 +00
wi(t,0;x,R) = Z Z ﬁ:l(n,l,ngl;x,R)

ny =—00ng; =—

X exp(iZnn,l fit +ing, 01)

+00 +00
wy(t, 6, x, R) = Z Z ﬁ:z(n,z,ngz;x,R)

Ny =—00 ng, =—

X exp(iZym,2 ot + in9202) 6)

The phase-lag periodicity [Eqgs. (3) and (4)] implies that only a few
of the 6 harmonics can be nonzero. By the use of the Fourier-series
expression[Eqgs. (6)] of the signalsin the expressionof the phase-lag
periodicity [Egs. (3)], the reexpressionof the difference of the right-
hand side (RHS) and the left-hand side (LHS) as a double Fourier
series, and the equation of the harmonics coefficients to zero, the
nonzero 6 harmonics can be identified*

F@2rfit)

E\@nfit+ Br)

A

aABS

Ner = 1
Fy @27 fit - B8r,)
0
2r !
Ng,

chorochronic interface
Ner =2

Ey(2r fat — Br,)

32

2 Ey(2r fot)

F, (27Ff2t + Bra)

92

Fig. 1 Chorochronic periodicity of the interaction of two blade rows in relative angular motion (Q; 7ZQ,).
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w(t,0) =w(t+ B, /27f1, 0, — 2 [ Ny,)

= n91(n11’z91) =y, N, _ntl(NBl _NBz)

X sign[Ql — Qz] Zgl ez
w(t,0,) =w(t + B, /21 f>, 0 — 21/ Ni,)

= ny,(ny,, £s,) = Lo, Ng, —n,(Ng, — Ng,)

x sign[Q2, — 2,14y, €Z (7)
The nonzero harmonics generated by [n,, £4] [Eqs. (7)] correspond
to the well known in turbomachinery aeroacoustics Tyler—Sofrin
lobe modes."* All other harmonics that do not satisfy these relations
[Egs. (7)), that is, harmonics [n,, ny] for which #¢, € Z, satisfying
the relation [Eqgs. (7)] betweenn,, ny, Np,, Np,, and sign[€2; — 5],
are identically 0. Finally, signals expressed in each frame of refer-
ence at the same meridional location (x, R) should match [Egs. (5)].
By expression of this equality in Fourier series [Eqs. (6)] and the
use of the phase-shiftconditions [Egs. (7)], it is easy to show™ that
correspondingchorochronicharmonics in the various frames of ref-

erence have the same ny =ny, =n,,, but different n, (due to the
Doppler-shift)

ﬁll(n,l,ng; X, R) = ﬁzz(n,z, ng; X, R)
n, —n, = £ysign[Q; — Qs], by €7
ng = ng, (nxl, 59) = Ny, (n127 59) =4{yNp, — ny, (NBI - NB;)
x sign[Q — Qo] = € Ng, — n,, (N, — Ni,) sign[Q) — @]
3)

where the same ¢, = £, = {,, should be used in the relations for
corresponding harmonics. The meaning of corresponding harmon-
ics is that they are the same harmonics of the signal as viewed in
the two reference frames. These relations [Eqs. (8)] are the most
important result of the present work, because they allow a math-
ematically simple representation of the interface and include the
fundamental matching conditions®® (for N, # Np, and Q, # Q,):
The meridional average ({4 =0) is

w1 (0, 0; x, R) = w,(0,0; x, R) (9a)
The |ng| = Np, harmonic (¢4 ==%1) is
W1(0, £Ng 5 x, R) = W, (Fsign[2) — @1, £Ngsx, R)  (9b)
The |ny| = Np, harmonic (¢4 ==%1) is
Wi (£sign[Q, — @1, £Np,5 x, R) = W, (0, £Ng,: x, R)  (9¢)

The |ny| =|Ng, — Np,| harmonic (¢, =0) is
w1 (Fsign[Q, — 2,1, £[Ng, — Ny, |1 x, R)
= w,(Fsign[Q — 21, £[Np, — Ny, |: x, R) (9d)
The |ng| = Njp, + Np, harmonic ({4 = £2) is
w1 (£sign[Q) — 1, £[Ns, + N, |: x, R)

= w,(Fsign(Q — 21, £[Np, + Np, |: x, R) (9e)

Furthermore, when chorochronic periodicity is valid, the interface
signals can be expressed as a series of n, and £,

+00 +00
wi(t,0;;x, R) = Z Z ﬁzl(n,l,ngl;x,R)

ny =—00 191 =—
X exp(i27m,l fit +ing, 61)

ng, = ng, [ny, €] = [Egs. (8)]

+00 +00

wy(t, 025 x, R) = Z Z ﬁzz(n,z,ngz;x,R)

Ny =—00 192 =—00
X exp(i27m,2 ot + in9262)

ng, = ng,[n,, €] = [Egs. (8)] (10)

where only the nonzero chorochronic harmonics appear.

Single Blade Modeling

These periodicities can be applied to compute the aerodynamic
interaction between two blade rows in relative rotation, discretizing
the flow around only one blade per blade row.!>~%" This results in
substantialcomputationaleconomy, without any restrictionin blade
number ratio (Np,:Np,). In the present implementation, phantom
nodes are used for both the pitchwise boundaries (Fig. 2) and for
the blade-row interface (Fig. 3). The pitchwise phantom nodes are
geometrically the same as those used for steady computations by
Gerolymos et al.** The interface phantom nodes are geometrically
the same as those used for steady multistage mixing-planecomputa-
tions by Gerolymosand Hanisch.*! (Phantomnode P’ in Fig. 3 at the
downstream chorochronic interface of blade row ngg = 1 does not
correspond to any existing node, but the flowfield values at each iter-
ation are reconstructedby computing chorochronicharmonicsusing
amoving-averagestechniquerequiringonly instantaneousvaluesin
the sector Q_ Q. of blade row Ngg = 2). The methodology can, of
course, be applied to solvers that do not employ phantom nodes for
the treatment of boundaries between adjacent grid domains.

Pitchwise Boundaries

The phantom nodes at the pitchwise boundaries (Fig. 2) are
updated using the corresponding nodes of the computational do-
main at § £27/Ng. For this purpose, the time signals at each
phantom-generatingnode P (Fig.2) are stored as time Fourier series,

pitchwise periodicity phantoms |
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5 5—\“\\‘\=§§§§§
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Fig. 2 Typical grid around the blade (red nodes) and phantom nodes*’
(blue); point P generates a phantom (P’) pitchwise periodicity node,
updated using phase-lag relations [Eq. (12)].
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Fig. 3 Typical grid around the blades of two adjacent blade rows ngg = 1, 2 (red nodes) and phantom nodes of blade row ngg = 1 (blue nodes) for

two different instants #; and 7,.

truncatedat N,. For any bladerow, in the frame of referencerotating
with it

+00
w(t;x, R, 0) =% Z W(n,; x, R, 0) exp(i2mn, ft)
n=0
+N¢
= 98 Y Wi x, R, 6) expi2mn, 1) (11)
n=0

where the symbol w is used to distinguish time harmonics from
chorochronicharmonics w. Fourier series with only n, > 0 harmon-
ics are used for the time series because this diminishes storage by a
factorof two. The phase-laggedchorochronicperiodicity conditions
[Egs. (4)] are used in updating the phantom nodes (more precisely,
the time harmonics of the phantom nodes),

w(n; x, R, 0 £21x /Ng) = w(n,; x, R, 9)er™Fr (12)

Equations (11) and (12) apply to blade row nggr =1 (respectively,
2) by using n,,, 0y, fi, and B,, (respectively, n,,, 6,, f>, and B,,).
The numerical implementation requires computing the harmonics
atonly the phantom-generatingnodes. It is not necessary to store the
time signal. Instead, a moving-averages technique that updates the
harmonicsis used (see Appendix). Typically, N, = O(10) harmonics
are sufficient to give a satisfactoryrepresentationof the time signals.

Blade-Row Interface

The blade-row interface is also treated using phantom nodes
(Fig. 3) and a chorochronicharmonics technique [Eqs. (10)]. These

phantom nodes are located at Npy (for the computations reported in
the present paper, Npy = 5) surfaces of revolution (Fig. 2) (Ref. 41).
In the following, the treatment of the downstreaminterface of blade
row ngg = 1 (Fig. 3) is examined. (The upstream interface of blade
row npg =2 is treated in an exactly analogous way.) The use of
several (Npy) streamwise phantoms at the interfaces offers the pos-
sibility of matching not only the flowfield, but also its streamwise
gradients at the interface. This technique allows the treatment of
large regions of separated flow at the interface (within the hub and
casing boundary layers), as was demonstrated by steady flow multi-
stage computations using a mixing-plane technique with an exactly
analogous phantom nodes implementation *!

Considera phantomnode P’ at the downstreaminterface of blade
row ngg = 1 (Fig. 3). This phantom node P’ does not correspond
to an existing node of the adjacent blade row (ngr =2) grid. This
grid is displaced due to the relative rotation (2; — 2, # 0) of the
two blade rows. (Note that the flow around only one blade per blade
row is simulated.) Flowfield variables at phantom nodes, such as
P’, must be updated at every iteration using information from real
(nonphantom) grid points. To do this, the chorochronic harmonics
[Egs. (10)] at the circle 6 € [0, 2], passing through the point P’
(Fig. 3), are used. If these harmonics are known in the frame of
referenceof the adjacentbladerow ngr =2, thenitis straightforward
to compute the flowfield at the phantomnode P’ [Eqs. (5) and (10)],
using Fourier series truncated to &, (time) and to L, (space)

+N¢ +Lg
. —_— . ~
Wl(t, 01,5 Xp, RP’) = Wz(t, 02,5 Xpr, RP’) =
Ny =—Nilg=—Lg

x W2 (i, oy xpr, Rpr) expli2mny, fot + ing,6,,,) (13)
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where 6, ,, = 0.5, — 221 =0, + (2) — Q)1 [Egs. (5)],and ny, =
no,[n,. €] [Egs. (8)].

The underlying idea is to compute the chorochronic harmon-
ics at point P’ (phantom node of blade row ngg = 1) using val-
ues at the nodes of the grid of the adjacent blade row ngg =2.
The circle (chorochronic harmonics surface) passing through point
P’ (more precisely, through point [xp/, Rp/] of the meridional
plane) intersects the contour of the grid of blade row nggr =2
at points Q_ and Q. (Fig. 3), so that at every iteration, infor-
mation for computing the chorochronic harmonics is available
in the sector Q_Q, 0y, —0¢_ =271N1;21). Auxiliary points M,
noted as full black dots (Fig. 3), are used to discretize this sec-
tor ([xy, Ry ]=1[xp, Rp']), and the instantaneous values of the
flowfield variables at each point M are computed using area
interpolatior®? in the triangle M; M, M; of surrounding nodes of
the blade row nggr =2 grid (Fig. 3). The number of auxiliary points
M 1is taken equal to the number of blade row nggr =2 grid nodes
at the interface (points M are equidistant 6-wise). The values at
points M are used in conjuction with a moving-averagestechnique
(described in the Appendix) to compute the required chorochronic
harmonics w, (ny,, ng,; xpr, Rpr), which are used to determine the
flowfield at point P’ [Eq. (13)].

Flow Model and Numerics

The technique just described is generic and can be used with
various flow models. In the present work, the flow is modeled using

the Favre—Reynolds-averagedNavier—Stokes equations with a wall-
normal-free near-wall Reynolds-stress turbulence closure. The flow
model and turbulence closure are described in detail by Gerolymos
and Vallet,**** and steady flow turbomachinery validations have
been reported in Gerolymos et al.** The flow is described by 12
variables (five mean flow variables vyr € R and seven turbulence
model variables vy € R7)

V= [vIY\-/IF; V;] = [/37 Ve, Vi, Vo, s

~ o~~~ o~ ~ T

X VLV, vV, VRV, VRVy, Vv, v v, e*] eR"? (14)
where (V., Vg, Vy) are the absolute velocity components,
(vY, vg, vy) are the velocity fluctuations, ¢* is the modified tur-
bulence dissipation rate, the overbar indicates nonweighted aver-
aging, and the prime indicates nonweighted fluctuations.* To en-
sure massflow conservation at the interfaces, time harmonics and

chorochronic harmonics are computed for the vector

w=[ulyiul] =[5, 6V.. 5 Ve, Vo, B V0]

—_~

T
12

X VIV, VgVg, VR, V5, , vy Y, e*] eR (15)

The corresponding 12 transport equations are written using a con-
servative Cartesian (x, y, z) formulation*** in the relative frame

of reference of each blade row

© — ©
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Fig. 4 Computed instantaneous entropy contours (§ — syga, where syg4 is the entropy at standard total conditions?’ ptig4 = 101,325 Pa and Ttgy =
288.15K) at 70 % span of the RWTH_1 turbine. (Note that due to the 36:41:36 blade numbers ratio, there is no instantaneous space periodicity other

then the full circumference.)
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T .. T _[5 =W W ~W 57 =, = -
¢ = [CMF’CT] = [P, oWy, pWy, pW., pHy — p; pwiw{, pwiwy,
P S S A L 12
x pwywy, pwyw?, pwlw?, pwlwy, pe*] €R (16)

where (W, W,, W.) are the relative velocity components,
(wy, w, w’) the correspondingvelocity fluctuations,and Hg = h +
1 W? — 1Q° R the rothalpy of the mean flow.* These equationsare
discretized on a structured grid generated biharmonically*® A mul-
tidomain strategy is used for the discretization of tip clearance /%4
and a multiblock strategy is used for multistage configurations.*!
The mean flow and turbulent variables are discretized in space us-
ing an O(Ax?) upwind MUSCL scheme with van Leer flux-vector
splittingand van Albadalimiters.*®* An O(Ar?) dual time-stepping
implicit time-integration technique is used in the present unsteady
computations® At the solid surfaces, no-slip boundary conditions
are used, whereas nonreflecting 2%-dimensi0na1 boundary condi-
tions are used at the inflow and outflow boundaries, as noted in
“Boundary Conditions for Three-DimensionalSteady and Unsteady
Turbomachinery Computations,” currently being written by J. C.
Chassaing and G. A. Gerolymos. The nonreflecting boundary con-

ng, — Ny, = Lpsign[y — Ny

] sign[Q —Qa]=~1

ditions do not concern the meridional averages ([n,, ny] =[O0, 0]),
for which standard reservoir-inflow and throttle-outflow boundary
conditions were used.*’

Results and Comparison with Measurements

Configurations Studied

The validity of the methodology is illustrated by computing two
configurations: 1) a subsonic lé-stage axial flow turbine, where
the nozzle and the stator have the same number of blades so that
chorochronic periodicity conditions apply and 2) the interaction
between a transoniccompressorrotor and its inlet guide vane IGV),
illustrating the ability of the interface treatmentto correctly transmit
shock waves.

Further computations and comparisons with measurements for a
high-subsonic compressor stage are reported by G. A. Gerolymos,
G. J. Michon, and H. Miton in “Experimental and Computational
Investigationof the Unsteady Aerodynamicsof a Compressor Stage
at Off-Design Conditions,” currently being written. Unsteady com-
putations are initialized from converged steady computations based
on a mixing-plane approach*!

Nty = Ny + eﬂ

15 !
14 - : o [ntzﬂw]
3d-Tu, =2
15 O [ntl’no]; Ny, =2
1 ng = (f9 + 2)Np, —2Ng,
10 ~334 = —7Ng, —2Na,
9 B —208 = —6Nm; —2Na,
o 7 S —262 = —5Ng; —2N=,
S 6 5 ’ —226 = —4Ng, —2Ng,
-~ 5 > ~190 = —3Ng, —2Na,
g 4 q -154 = —2Ng, —2Ng,
A W O O o oo M S s oo - e G et
1 $ —82 = —2Ng,
0 h - —46 = N, —2Ns,
S -10 = 2Np, ~2Ns,
2 +26 = 3Ng, ~2Ns,
4 b L +62= 4Np, —2Np,
5 +98 = 5Ng, —2Nny
-6 < +134 = 6Np, —2Ns,
7 +170 = 7Ng, —2Ng,
'g +206 = 8Ng, —2Nn,
-10 +242 = 9NB1_2NB2
B S L b 4OTB = 10Ng, —2Nn,
'13 - S S S RS i e 4 314 = 11Ng, —2N3g,
B ‘ PR R R YT 4350 = 12Ny —2Na,
15 ) 1 : ng = Ny, = Ng,———
;3 60 -270 -1 I80 -90 0 90 180 270 360
1= © [n4y, ng)
12 O [rt,,mel; ne, =1
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0 T ; 41— N
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Fig. 5 Chorochronic harmonics correspondance on each side of the nozzle/rotor interface (plane 1, Fig. 4) of the RWTH li-stage turbine

(sign[Qq — Q3] = —1, Np, = 36,and N, = 41).

28,38
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Turbine 1%-Stage

Computations were run for a l%—stage axial flow turbine
(Fig. 4), investigated at the Institut fiir Strahlantriebe und Tur-
boarbeitsmaschinen of the RWTH, both experimentally’®*® and
computationally???> Because for this configuration (Fig. 4) the noz-
zle and the stator have the same number of blades (N, = N, =36)
chorochronic periodicity conditions are applicable for the entire
l%-stage. This has been exploited in computational work by Gal-
lus et al.,2 Walraevens et al.,”> Volmar et al.,?” and Reinmoeller
et al.”® Steady computations using the present turbulence closure
and numerical scheme, along with a mixing-plane approach*' using
four different grids (of 1, 2.3, 3, and 4.4 x 10° points), have been
compared with measurements in Gerolymos et al.,** indicating that
the 4.4 x 10° points grid (Table 2) attained grid convergence. This
grid, which has 121 radial surfaces and models the tip-clearance
gap with 41 radial surfaces (completely independent of the main
grid thanks to the use of a buffer domain*?), was used in the present
computations.

GEROLYMOS, MICHON, AND NEUBAUER

The chorochronic interface treatment is illustrated by consid-
ering the nozzle/rotor ([ngr =1]/[ngr =2]) interface (plane 1,
Fig. 4). At this interface, the chorochronic periodicity relations
[Eqgs. (8)] are applicable with sign[€2; — Q,] =sign[0 — Q,]=—1
because 2, > 0. It is easy to plot the corrresponding chorochronic
harmonics [n,,, ng] <> [n,,, ny] in each frame of reference in the
range ny € [—360, 360] (Fig. 5). The nozzle frame of reference
nonzero chorochronic harmonics corresponding to n,, =1, 2 are
generated [Eqs. (8)] by ny = (¢y +n, )Np, —n, Np, (Fig. 5), and
the corresponding Doppler shift in the rotor frame of reference
is given by [Eqs. (8)] n,, =n, +£,¢, € Z (Fig. 5). Only the pos-
itive time harmonics n,, = 1, 2 are plotted because the 6 harmon-
ics appear in pairs ([n,, ng] and [—n,, —ny]) with complex conju-
gate Fourier coefficients (W[—n,, —ng] = conj{w[n,, ny]}) because
w(t, 0] is real [Egs. (6)]. The ny ==£360 harmonics have a 1-deg
0 period and correspond to the 6 harmonic number 10 over the
nozzle pitch (Ng, = 36). It is obvious that, due to the chorochronic
periodicity conditions [Egs. (6) and (7)], only a few chorochronic

fst =51 fit=2%

-~ -~
; 0.8 'y
30 experiment T ool é; § §
20 4 S s {3 2 2 £
10 (deg) ' 5
02 o ;
0 : p —— unsteady computation
Somputaion 0 ’f R U I steady computation
-10 1 20 -10 0 10 20 30 + experiment (steady data)
ay (deg)—»
gt = 25
f3t — 61\55 fSt — 6
-~

rotor wakes

Fig. 6 Computed and measured® instantaneous level plots of absolute flow angle &, for various instants of the RTR-BPF (f,;,s =f =f3), at rotor-exit
(plane 2) of the RWTH lé-stage turbine?®38 (rear view, flow coming outward toward the observer), over a sector of 12 deg (nozzle-stator-pitch = 10
deg and RTR-pitch = 8.78 deg) in the absolute frame of reference (in = 8.2 kg s—! and 3500 rpm).



GEROLYMOS, MICHON, AND NEUBAUER

Table2 Computational grid summary*’

1147

: a b c d e satef + 8 + h
Grid UH O DH TC (074 Points Ny Nyo
RWTH_1 Iﬁ-stage turbine
D 31x31x 121 201 x 49 x 121 41 x 41 x 121 201 x 31 x 41 201 x 26 x 61 4,359,380 <1.0 <0.7
Transonic compressor stage
B 30 x 31 x 65 201 x 53 x 65 50 x 41 x 65 201 x 17 x 25 201 x 21 x 35 1,664,015 <0.5 <1
*Upstream H grid (axial x tangential x radial).
0 =blades O grid (around the blade x away from blade x radial).
°DH =downstream H grid (axial x tangential x radial).
4TC = tip-clearance O grid (around the blade x away from blade x radial).
€0z = 0 zoom grid (around the blade x away from blade X radial).
fWithout O-grid points overlapped by the OZ grid.
0, =n} on the blades.
"l e =1 on the flowpath.
9 _ 1 — 25
fst=1g; fat =53 fit=gg fst =55
2l 88 - 88 ; 88 1~ ! 88 -
<| © ; L e .
=2 g i 92 A 92 - 92 = joe
B . {f ¢ ’," t TIF
/.96 +@ R jt 5 96 E: = 96 /,J:,“
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100 100 & 100 T 100 r ~+ %
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4 $ = g B
\ 96 e BN e B bt B2 it
gl 5 100 i 100 oty 100 iy 100 it
<| 2 104 ’ 104 : 1 04 L 104
20 0 20 40 60 20 0 20 40 60 220 0 20 40 60 -20 033 20 40 60
fat=% d(deg)— fat=3% d(deg)— fat=14; G&(deg)— fit=9 & (deg)—
s = 90.9%
©)
o .
) ki & —— computation
N S 8 +  experiment
¢ =32.7%
— 9 — 17
fit=1 fit=% fst=1¢g
2l 88 - 88 : 88 —
< © ot e i
e «'l/ b 92 a3 A 92 = +-v-+i 3
i L3 gt
96 4 R S t o6 1
> 3
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T 88 T 88 T
: 92 % . 92 i .
K . Py ol * o
d e B I e s L iy
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2 . * borl)
S| S 104 S 104 et 04 ' 104 i
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fit=% & (deg)— fit=13 G (deg)— fit=1 G(deg)— fit=2 & (deg)—

Fig. 7 Comparison of computed and measured>® instantaneous pitchwise distributions of absolute flow angle &, at two spanwise locations (s = 90.9
and 32.7 %), for various instants of the RTR-BPF (f,,,s =f1 =f3), at RTR exit (plane 2) of the RWTH lé-stage turbine,2®:3 over a sector of 12 deg
(nozzle-stator-pitch = 10 deg and RTR-pitch = 8.78 deg) in the absolute frame of reference (7z = 8.2 kg s~ and 3500 rpm).

harmonics are nonzero for each n,, allowing a low-memory treat-
ment of the chorochronic interface. The maximum n4-generating
index Ly(€y €[—Ly, Ly]) can be interpreted as the number of
harmonics in the pitch of the blade row (271N;1), so that truncat-
ing the Fourier series to Ly = O(10) means that O(10) 6 harmonics
over the blade pitch are retained for the fundamental time frequency.
Incidentally, it is quite possible to make a fully automatic choice of
N, and Ly, based on the number of pitchwise grid points at the
interface by the use of the well-known sampling theorem.>

Computed instantaneous levels of absolute flow angle ¢ at the
rotor/stator ([nggr =2]/[ngr = 3]) interface (plane 2, Fig. 4) com-
pare quite favorably with measurements, both qualitatively (Fig. 6)
and quantitatively (Fig. 7). Both the potential effect of the stator
leading edge (nonrotating in the absolute frame of reference) and
the rotor wakes (rotating in the absolute frame of reference) are
clearly seen in the level plots (Fig. 6). The variation of flow an-
gle is predicted quite well (Fig. 7). The radial distribution of the
pitchwise-averaged steady absolute flow angle oy, (obtained with
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PGv—wakes interacting with LE-shock

‘ 1Gv-wakes interacting with rotor-expansion-waves

Ner'=1; Qi =0y Ng; =42

chorochronic interface

¢ =50%

RTR
Nen = 2; Q3 < 0; Np, =50

chorochronic interface

Fig. 8 Instantaneous (¢ = 0) levels of absolute Mach number M at midspan of the transonic compressor (design operating point).

the steady mixing-plane multistage computation*’) compares quite
well with the time-averaged result of the present unsteady com-
putations (corresponding to the [n,,, ng] =[0, 0] chorochronic har-
monic) and with the experimental rake measurements (Fig. 6). The
unsteadyresults were taken after the simulationof 15 absoluteframe
of reference (rotor-BPF) periods, which were sufficient to obtain
periodic convergence.

Transonic Compressor Stage

The turbine 1 %-stage results just presented illustrate the ability of
the chorochronicinterfacemethodologyto treat wakes and upstream
potential influence in subsonic flow. To demonstrate the validity
of the methodology in the presence of shock waves, computations
were also run for a transonic compressor rotor (tip relative Mach
number at rotor inlet My ~ 1.4) interacting with its IGV (Fig. 8).
Computations were run using a 1.6 x 10° points grid (Table 2) with
65 radial stations. (The rotor tip clearance gap is discretized using
25 radial stations that are completely independent of the 65 radial
stations of the blade-to-blade grid.*’). The unsteady results were
taken after the simulation of 15 absolute frame-of-reference (rotor-
BPF) periods, which were sufficient to obtain periodic convergence.
Plots of instantaneous absolute Mach number at midspan (Fig. 8)
clearly show the wave system of the rotor (RTR) leadingedge (LE).
These waves (LE shock followed by the expansion waves of the
suction-side acceleratior’') interact with the wakes of the IGV, the
IGV blades, and then propagate upstream (Fig. 8). Depending on
the position of the IGV blade relative to the RTR-LE, the wakes
of the IGV interact either with the LE shock or with the expansion
waves (Fig. 8).

This explains the pattern of instantaneous absolute Mach num-
ber plots at the IGV/RTR interface (Fig. 9). The surface plot-

Table3 Computing time requirements®

Grid PointsP Npp Simulated periods CPU
RWTH_1 Iﬁ-stage turbine

A% 1,010,772 72 16 25

D (Table 2) 4,359,380 144 15 170
Transonic compressor stage

B (Table 2) 1,664,015 72 14 59

2On an NEC-SX5 computer (average code performance 2.1 Gflops).
>Without O-grid points overlapped by the Oz grid.

ted (surface 1, Fig. 9) is the actual computational interface
that is treated using the chorochronic harmonics methodology
(chorochronicinterface, Fig. 8). Because of the blade-numbersratio
(Ng,:Ng, =42:50=21:25) there is a two-lobe (180-deg) & period-
icity of the instantaneous flow pattern (Fig. 9). When the wakes of
the IGV interact with the RTR LE shock (e.g., np,, =35, 36, 40,
and 41) there is a marked low Mach region from hub to tip, marking
the wake location (Fig. 9). When the wakes of the IGV interact with
the expansion waves of the RTR entry (e.g., np,, =42, 1,2, 6,and
7) the low Mach region is limited to the hub neighborhood.

Computing Time Requirements

The advantage of chorochronic methodologies is that computa-
tions are run discretizing the flow around a single blade per blade
row, allowing simulations on fine grids with realistic computing
times (Table 3). In practice, the time discretization is defined by
choosing the number of instants per period Npp. (The highest of the
two frequencies corresponding to each blade row is used to define
the period.) In the dual time-stepping technique used,* the error
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[ 1Gv-wakes interacting with rotor

Fig. 9 Instantaneous (¢ = 0) levels of absolute Mach number M at the IGV/RTR interface of the transonic compressor (rear view, flow coming
outward toward the observer); inner radius arrows indicate the azimuthal location of the IGV trailing edges at the hub; outer radius arrows indicate
the azimuthal location of the rotor leading edges at the tip (design operating point).

in time derivative is reduced by 1.5-2 orders of magnitude. (This
choice defines the number of subiterations at each time step.)

Conclusions

In the present paper, a systematic analysis of the chorochronic
periodicity that characterizes the interaction of two turbomachinery
bladerows in relative angular motion is presented and applied to the
computation of typical turbine and compressor configurations. The
main conclusions are as follows.

1) The aerodynamic phenomena observed in the frame of ref-
erence of each blade row exhibit, in the absence of aerodynamic
instabilities, a traveling wave behavior of known frequency (the
blade passing frequency of the adjacentblade row).

2) This traveling wave behavior, where, in a given blade row, each
blade observes the same aerodynamic phenomena as the neighbor-
ing blade of the same blade row, implies that if at a given meridional
position ([x, R]) the 0 signal is described by Fourier series of 16
harmonics ([n,, ny]), only a few 6 harmonics n, are nonzero for
each n,. (These nonzero harmonics are easily determined by the
number of blades of the two interacting blade rows, the sign of
relative rotation, and by n,.)

3) This resultis valid in the frame of reference of each blade row,
but with different frequencies in each frame of reference (Doppler

shift due to the relative rotation and to the difference in number of
blades).

4) When the 0 series in each frame of reference, as well as the
same t0 signal being observedin both frames of reference are taken
into account, a straightforward correspondence is established be-
tween the nonzero chorochronicharmonics [n,,, ng, | and [n,,, 1y, 1,
where corresponding harmonics have the same ny =ngy, = ny, and
generally (but not invariably) different n,, # n,,. (This relation is
easily determined by n,, the number of blades of the two interacting
blade rows and the sign of relative rotation.)

5) These results allow a mathematically simple (and, as a
consequence, straightforward to implement) representation of the
computational interface between the two interacting blade rows
(chorochronic interface), based on the use of the a priori known
nonzero chorochronic harmonics to store and transmit informa-
tion. (In practice, N, time harmonics and the corresponding first
L, nonzero 6 harmonics are retained.)

6) An implementation of the preceding results is developed,
wherein the flow around a single blade per blade row is discretized
and computed using phase-shifted periodicity conditions at the
pitchwise boundaries (based on Fourier time series of the signals)
and the chorochronic harmonics representation of the interface.
(Both ¢ harmonics and 76 harmonics are computed using a low-
storage moving-averagestechnique developedin the present work.)
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7) This implementation was incorporated in a computational
methodology (furbo_3D), solving the Favre-Reynolds-averaged
compressible Navier-Stokes equations with a near-wall wall-
normal-free Reynolds-stress model (five mean flow and seven tur-
bulence transport equations). It was then successfully applied to
the computation of a subsonic turbine and a transonic compressor,
illustrating the ability of the technique to compute rotor/stator inter-
actions with arbitrary pitch ratio between the two interacting blade
TOWS.

Appendix: Moving Averages

The method used for the computation of the time harmonics and
the chorochronic harmonics is based on a moving-averages tech-
nique that does not require storing time signals, but only their har-
monics. This method computes the harmonics iteratively, by apply-
ing an appropriate correction at each iteration. The method can be
viewed as using a moving window of length equal to the period for
computing the integrals.

Time Harmonics

If the fundamental period of the function F(¢) is f~!, the Fourier
series are>”

+00
F(r) =m{ Z[ﬁ(n,)exp(iznn,fr)]}

nr =0

nr=0

Nt
o~ m{ Z[F(n,)exp(iznn,fr)]} (A1)

where N, is the number of time-harmonicsretained, and the harmon-
ics F(n,) (n, =0, 1, ...) are given by the well-known expressions™

0+ f!
F(n,) = C(n,)f/ F(t) exp(—i2mn, f1)dt

) =1, C@n,) =2, no=1,2... (A2

where 7 is an arbitrary initial time. In a moving-averagestechnique,
the harmonics are updated at each time step, so that at time steps n
(time"t=[n—1]At) and n+ 1 (time "+ 't =nAt)

ik
2y
F(n;"t) = C(n,)ff+1 F(t) exp(—i2mn, f1)dt
d,

= cmyf Y. [FCrexp(=i2mn, fir)]ar

£=n— Npp+1

et d
2¢
F(n;"*'t) = C(n,)ff+2 F(t) exp(—i2mn, f1)dt
et

n+1

=Ccm)f Y.

£=n— Npp+2

[F(‘tyexp(—i2nn, fir)]ar  (A3)

where Npp are the instants per period (NppAf = f~!). The only
differencebetween the integrals (Fig. A1) is thatthe first containsthe
interval around "+ 't — f~! (absent in the second), and the second
contains the interval around "+ '# (absent in the first), so that

F(n;"*1t) = F(ns:"t) + Cn) fAL[F("+ 1)
—F(" "™ ) exp(—i2mn, 1 ') (A4)

where use was made of the periodicity exp(—i2mn, ft)=
exp[—i2nmn, f(t+ f~1)]. Approximating F("~"**!lr) with

Fourier series of the time "¢ harmonics yields the following
correction formula for the time "+ !¢ harmonics

Nt

F(n; ) = F(n;"t) = C(n,)fAt{F("“t) - m[ Z

my=0

X FV'(mI; "t) exp(i2nm,fn+1t):| } CXP(—iZJTn,f”+1t)
(AS)

Chorochronic Harmonics

The same technique is used for the chorochronic 76 harmonics.
In this case, there is, however, the additional complication that the
instantaneous values of F (¢, 8) are only available for a 6 sector
of 2t N '. For instance, the instantaneous values from which the
downstream interface phantoms of blade row ngg =1 (Fig. 3) are
updated are only known for the sector Q_ Q. (Fig. 3). Therefore, a
moving-averagestechnique,makingexplicituse of the chorochronic
periodicity conditions, was developed. Indeed, the time signal is
represented by the 76 harmonics’?

+o +00
F(t.0)= Y Y F,.ng)exp(i2nn, ft+iny6)

ny=—00ng =—00
+N: +Ny
= Y > Fu.ng)expi2mn, ft +ing6) (A6)
ny=—N; ng=—Ny

truncated to N, and N,, respectively. It can be easily shown that the
t0 harmonics are given by the integral

R f Io+/'7l 0 + 27
F(n,, ny) = P / / F',0") exp(—i2nn, ft'
10 6o

f 0+ " Np 6o +npQw/Np)
Simerarar =L [T (
2 o 60+ (np — )21 /Np)

ng=1

x F(t',0") exp(—ing8") de’) :| exp(—i2nn, ft') dt’} (A7)

where the 6 integral in [0, 27r] was computed as the sum of N
integrals over each 2 N;l sector. Each 6 integral can be expressed
on the reference sector [6y, 6y + ZHNEI] by the application of the
transformation =0’ — (ng — I)ZJTN;1

/90 +np(2m/Np)
0o + (np —1)(27/NB)

N
exp| —i(ng — nyg—

F(t',0")exp(—ing0')do’

Ng

00+ 27/Ng o
/ F|t,0+ (ng —1)— | exp(—iny0) do
6o NB

X
[ 297 6o + 27 /Np
= exp| —i(ng — 1)”9_}\/‘
NB N
, B .
xF|t'+(np —1)=——, 0 | exp(—iny0)do (A8)
2n f

where the chorochronic periodicity conditions [(Eqgs. (3)] were
used in the last equality. In this way, the 6 integral only needs to
be evaluated for the reference blade, and the 6 harmonics under
chorochronicperiodicity conditions [Egs. (3)] can be expressed (af-
ter some obvious rearrangements in the order of summation and ¢6
integrations)
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n+%t _ f—l
window at "*1t

n+%t

At M\

N RO

e t

window at "¢

ntgg f!

n+%t

Fig. A1 Moving averages technique for updating harmonics: the red cross-hatched trapeze used [Egs. (A3)] for the evaluation of the harmonics
F(n;;"t) is replaced by the green cross-hatched trapeze when computing [Eqs. (A3)] the harmonics F(n;;" *1t) (Npp = 12).

: f . 27
F(n;, ng) = o Z {exp[—t(nzg - l)nBN_i|
B

ng=1

0o +2m/Ng 0+ ! B
x f f F|:t/+(n3—1) - ,9}
% o 2 f

x exp(—i2mn, ft') dt’) exp(—ing0) d0:| } (A9)

Finally, by application of the transformation 27ft=
2 ft' + (ngp — 1)B,, the following expressionis obtainedafter some
simple manipulations, where the well-known property applies that,
for a t-periodic function G (¢), the integral over a period is indepen-
dent of the window used (as long as the length of the window is
equal to the period)

o+ f7"
Gty=G@e+ f" W <:/ G(t)dt
10
n+ 7"
= / G(1)dt, Vty, 4
1
we then get
Np
> f . 2w
Fn.mp) = 2~ Zl expy =ity = | = nify + g
ng=
w0+, poo+21/Ng
X / / F(t,0)exp(—i2nmn, ft —iny0)dr do
10 )

(A10)

With the expressions for B, [Egs. (2)] and for n,(n,, £4) [Egs. (8)],
it follows that the multiplicative constant before the integrals
[Eq. (A10)] is equal to

L i —inn = D] = np, +ne
oy expy —i(ngp n, B, ngNB

ng=1

e
Z( > expl—i(ng — 1)2nzg]>

np=1

(Al1)

f f
—E 1 = —Npg, Vn,, ¢
b B n, 0

ng=1

The final result is that under chorochronic periodicity conditions
[Egs. (2), (3), and (8)] the interface 6 harmonics can be computed

on a single ZJTN;1 sector, simply by multiplying the integral by the
number of blades Ny

R f Io+/'7l 0o +2m
[Egs. (2), (3), and (8) = F(n,, ny) = —/ /
2 J, o
0 0
0+ 7!
x F(t,0)exp(—i2nn, ft —iny0)dtrdo = 2LNB/
b4 o

0o +2n/Np
X / F(t,0)exp(—i2nn, ft —iny0)detdd  (Al2)
0o

The preceding relation allows a straightforward application of the
moving-averagestechniquefor the chorochronicharmonics.Indeed,
Eq. (A12) can be written

. f o+ f!
F(nx,n9)=§/‘ Iy(t; f,ng, 6o, Np) exp(—i2mn, fr)dt
)

6o +27/Np
1, = NB/ F(t,0)exp(—iny0)do | € € (A13)

o

Computing the chorochronic harmonics ﬁ(n,, ny) is equivalent to
computing time harmonics of the function I, (¢; f, ng, 6y, Np) by
applying the moving-averages technique [(Eq. (A5)], and it is easy
to show that the following correction formula is applicable

F("u n9§"+lf) - ﬁ("u ng; "f) = %NBAt exp(—iZnn,f ”“t)

6o +27/NB Nt No
{/ |:F(”+1t,0)—< o> E(mmginr)
0o

my=—Nt mg=—Ny

< exp(izm, f*+ 11 + imge)):| exp(—ing0) de} (A14)

valid for all nonzero chorochronic harmonics n, =ny[n,, ¢4]
[Egs. (8)].
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